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In this paper, the effects of shape factors on the buckling loads in the laminated rubber

bearing (LRB) are investigated to guide the design of LRB in determination of the rubber plate

thickness and the total rubber height. To substantiate the application of LRB to the seismic

isolation of nuclear power plants, the seismic analyses and shaking table tests are carried out for

a seismically isolated structure using four LRBs. The parameter equations of seismic isolation

frequency are obtained from the shaking table tests and the quasi-static tests of LRB itself to

investigate the effects of the LRB characteristics in prediction of maximum peak acceleration

responses by analysis. From the comparison of the maximum peak acceleration responses

obtained from numerical analyses and experiments, it is verified that the horizontal stiffness

variations of LRB should be considered in seismic analysis to get more accurate results.

Key Words: the Laminated Rubber Bearing( LRB), Seismic Isolation Desgn, Stability, Buck

ling Load
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Recently, the seismic isolation design using the

laminated rubber bearing (LRB) has received

considerable attention due to its wide application

to nuclear power plants, buildings, and industrial

structures.

In general, the LRB is a composite structure

laminated with thin rubber plates and steel plates.

Due to the structural rigidity in vertical direction,

the LRB can support heavy weights. However.

this is horizontally very flexible to make the

superstructures almost rigid body motion when

the earthquake is occurred.
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: Shear area

: Horizontal and vertical viscous damp

ing of ith LRB

: Outer and inner diameter of rubber

plate

: Apparent bending modulus

: Modified bending modulus

: Young's modulus of elasticity

: Bulk modulus

: Horizontal and vertical restoring force

of ith LRB

: Seismic isolation frequency

: Shear modulus

: Moment of inertia of nth floor

: Equivalent shear stiffness of LRB

: Horizontal and vertical stiffness of ith

LRB

: Total height of LRB

: Total mass of superstructure

: Number of rubber layer

: Vertical load
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: Buckling load

: Euler buckling load

: Shape factors

: Bending stiffness

: Thickness of rubber and steel plate

: Total height of rubber plate

: Hardening constant of rubber

: Rotational angle at mass center

1. Introduction



596 Gyeong-Hoi Koo, Jae-Han Lee, Hyeong-Yeon Lee and Bong Yoo

x

(5)

(3)

(4)

(I)

(2)

p
y

5b=EbIl/nldR
Ss> CAsl/ net»

p 2

KH = 2q5btan(ql/2) - PI

r, _, ..~-""T""-t---+-......,--'-"'T"""---' -4

where

2. Stability of the Laminated Rubber
Bearing

Fig. 1 Assumed displacement shape of LRB subject
ed to end loads.

where

q2=L(1+L)5 b s,
P is the vertical load applied to end plate of LRB,

and I is the total height of LRB including the

rubber plates and steel plates.

In Eq. (2), the bending and shear rigidity, 5 b

and S, are expressed as follows;

2.1 Review of stability equations
In general, as shown in Fig. I, with assumption

of small displacement and linear theory, the

horizontal stiffness of LRB is represented by
(Haringx, 1948)

i. e. considering slow excitation. The comparison

of the maximum peak acceleration responses

obtained from analyses and experiments are per

formed to verify the importance of horizontal

stiffness changes of LRB in seismic analysis.

For the realization of LRB applied to very

heavy structures such as nuclear power plants for

seismic isolation, it is important to consider the

stability of LRB at the basic design stage to

ensure the global safety of seismically isolated

structure. In the design of LRB, the rubber plate

thickness and total rubber height, i. e. the number

of rubber plates should be carefully determined

with consideration of stability because these

design parameters principally affect the changes

of vertical buckling loads. Many researchers have

investigated the stability of LRB using experi

ments and several mathematical models (Haringx,

1948; Gent, 1964; Koh and Kelly, 1987; Koo et

al., 1998). In this paper, the stability equations of

LRB are investigated and are expanded with

parameters such as the number of the rubber plate

and the rubber thickness in case of with and

without consideration of the rubber compression

effects. From the derived parametric equations,

the effects of shape factors on the buckling loads

of LRB are investigated to guide the design of

LRB in determination of the rubber plate thick
ness and the total rubber height.

To investigate the seismic isolation perfor

mance, the shaking table tests and the numerical

analyses are carried out for a seismically isolated

structure using four LRBs. Actually, LRB has a

complicated horizontal stiffness characteristics

such as wind load control stiffness, earthquake

control stiffness, and ultimate strain control stiff

ness in range of cycl ic shear strains (F omi et al.,

1994). And the characteristics of horizontal stiff

ness are also affected by the loading rates, i. e.

excitation frequencies(Koo and Ohtori, 1998).

Therefore, the seismic isolation frequency may be

changed as the earthquake level increases. In this

paper, seismic time history analysis for a seis

mically isolated structure is carried out to investi

gate the effects of the seismic isolation frequency

changes on earthquake responses. To consider the

changes of the seismic isolation frequency in

analyses, the parameter equations of the seismic

isolation frequency for maximum cyclic shear

displacements of LRB are obtained from the

shaking table tests, i. e. considering fast excita

tion, and from the quasi-static tests of LRB itself,
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Eb=EbE~/ (E b+E~) (6)

Eb=Eo(1+ ~ k5f)~3G(1+ ~ k5f) (7)

In Eqs. (3) to (5), n», tR and is represent a

number of rubber plate, thickness of rubber and

steel plate respectively. E b is the elastic

modulus for bending of the unit rubber plate, in

which both end surfaces are rigidly constrained,

with consideration of rubber compression effects

(Fujita et a!., 1987). The symbols used in above

equations are expressed in Nomenclature.

To investigate the stability of LRB for vertical

loads, we can consider the buckling load to make

the horizontal stiffness zero. This condition is

simply obtained when we put the denominator of

Eq. (I) as infinite value. Therefore, the buckling

load should satisfy the following condition

obtained from tan(ql/2) in Eq. (I).

ql v- r: (8)

represent the index of a geometric stability.

In general, the shape factors of LRB for circu

lar sectional type are defined as follows;

5 1 = (Do-D,)/(4tR) (13)

52=Do/ nRtR (14)

As expressed in Eqs. (13) and (14), shape

factors, 51 and 52 indicate the effect of rubber

plate thickness, tR and total rubber height, nRtR
respectively. Actually in design of LRB, it is very

important to determine the rubber plate thickness

and total rubber height, i. e. shape factors. with

consideration of stability. From Eq. (I2), we can

discuss the shape factor effects on the buckling

load.

In case of neglecting the rubber compression

effects, i. e. in Eq. (3) is replaced with Eb. After

substituting Eqs. (3), (4), (7), (II), and (13) to

Eq. (12), and arranging some items, it is found

that the buckling load is directly proportional to

where

(15)

( 16)

In above Eq. (IS), when S2 is constant, i. e.

considering constant total rubber height. nRtR=

constant, the buckling load proportionally

decreases as the rubber plate thickness increases.

And when 51 is constant, i. e. tR=constant, the

buckling load proportionally decreases as the

number of rubber plates increases. Therefore, we

can see that the shape factors, 51 and 52affects the

buckling load with same ratio in case of no

rubber compression effects.

However, in the case of considering the rubber

compression effects, the buckling load is propor

tional to

{ 1 }1/2( 1 )
Pbcx t~+1/c nRtR

where c is a constant resulted from rubber com

pression effects. In above Eq. (16), when 51 is

constant, the buckling load proportionally

decreases as the number of rubber plates

increases. But when 52 is constant and the rubber

plate thickness increases, the ratio of the buckling

load decreasing is smaller than the case of no

consideration of rubber compression effects due

to a constant, c.

In conclusion, with considering the rubber

(9)

( 12)

(11 )

( 10)

oP~+5SPB

After substituting Eq. (8) to Eq. (2), the char

acteristic equation for the buckling load, PB, is

obtained as follows;

7[
25b5s
12

2.2 Investigation of shape factors effects
From Eq. (12), we can see that the buckling

load depends on the total height of LRB, the

number of rubber plates, and the rubber thick

ness, i. e. geometric shape of LRB. For a circular

type of LRB, the shape factors are often used to

which is called as the Euler buckling load in case

of no shear displacement of LRB.

For a typical LRB, it is known that PE is

greater than 58' Therefore the equation of the

buckling load in Eq. (10) can be simplified as

follows;

From Eq. (9), the vertical buckling load of LRB

can be expressed as follows;
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( 17)

y
b

N

mi"c+ L:.F,H= -mi"g
i=l

3.1 Formulation of a seismically isolated

structure (SIS)

51=45, i. e. considering constant rubber plate

thickness, tn =2.5 mm with change of total num

ber of rubber plates. From both figures, it is

verified that decrease of shape factor, 52 induces

more reduction of the buckling load than shape

factor, 51'

3. Application of LRB to Seismic
Isolation

3.1.1 Rigid body model

In general, a seismically isolated structure,

which adapts the laminated rubber bearings, can

be assumed to represent the rigid body motion

due to its fundamental frequency shift. For simple

modeling of SIS shown in Fig. 4(a), the general

equations of motion for base excitation problem

using rigid body model shown in Fig. 4(a) can be

expressed as follows;

o

o

-0- Equation (10)

-9- Equation (12)

o Euler EqUlltion

0.25

,; 0.50

~

~
'".5
:;c

""III

'f
.. 0.75

~

compression effects, the ratio of increasing the

total rubber height affects the decrease of the

buckling load more than that of increasing the

rubber plate thickness.

For example of application, Fig.2 and Fig. 3

show the sensitivity of the buckling load for shape

factor variations. The data of LRB used in exam

ples of application are; DO=45cm, Di=O.Ocm, G

=0.82 MPa, Eo=2.46 MPa, Eoo= 1.47 GPa, and

k=0.5. Fig. 2 shows the effect of the rubber plate

thickness on the buckling load in case of 52=6, i.

e. considering constant total rubber height with

changes of rubber plate thickness and total num

ber of rubber plates. Fig. 3 shows the effect of

total rubber height on the buckling load in case of

c.c.
o

(a) Rigid body model

bo

o

o

-0- Equtlon {10}

o

o

4

Shape Factor. S,=DRI "RI"
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Fig. 2 Shape factor, SI effects on buckling loads of
LRB.

Fig. 3 Shape factor, S2 effects on buckling loads of
LRB.

(b) Multi-d.o.f, model

Fig. 4 Mathematical model for numerical analyses.
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N

myC+ 2:,Ft= - mYg
£=1

(18) point of mass center in state of no excitation.

2:,Ine+{c1(Xl- Xo-h l8) -kl (Xl- Xo- hIe) }hl
n

N N .

- 2:, Fi'h« + 2:,LHCr B+«ro, =0 (30)
i i=l

N

2:,mnY+ 2:, (cry +Kty) = - 2:,mnh (31)
n i=l n

F]'> csXo+«r-, (32)

3.1.2 Multi-DOF model

The general equations of motion for multi-dof

model shown in Fig.4(b) can be expressed as

follows;

mlxl+ Cl(Xl- Xo- h, 8)+kl (Xl- Xo- hIe)

=-mlXg (28)

mox'o- Cl(il- Xo- h, 8) - k, (Xl- xo- hIe)

where m, x'g and y c are total mass of superstruc

ture, input ground acceleration, horizontal and

vertical acceleration response vectors at mass

center, and N, FiHand Ft represent a number of

LRB used in analysis, horizontal and vertical

restoring force of ith LRB respectively.

The rotational equation of motion considering

rocking motion can be expressed as follows;

•• NL

IBc+ 2:,FtL sin(ai+ Bd
i=1

NL+NR

+ 2:, FtLsin(ai-Bc)
i=NL+l

NL

- 2:,FtL cos(ai+ Bd
i=1

NL+NR

+ 2:, FtLcos(Cii-Bd=O (19)
i=NL+l

N

+ 2:,Ft= - mox g
i

(29)

where I and Bc are moment of inertia and

rotational angle response vector at mass center,

and N L , NR are total number of LRB in left and

right side from mass center position, and Li; a,
represent distance and geometric angle from mass

center to ith LRB location respectively.

The restoring force exerted at LRB can be

expressed using the viscous damping and the

stiffness of LRB itself as follows;

FiH=Cf!Xi+KtXi
rr-cis.s xr«

(20)

(21)

where subscript n represents the floor number,

and X n (n =0, I) is the relative displacement

vectors of each floor, and y, B are a vertical

displacement and a rotational angle vector, and

m«, In(n=O, I) are a total mass and moment of
inertia for each floor, and Ft is a horizontal

restoring force of ith LRB.
For the solution of above Eqs. (12)-(16), the

Runge-Kutta numerical algorithm is used. To

apply this algorithm, the original vectors will be

transformed to make a second order equation to

first order equation as follows;

where Ci and K, are viscous damping and stiff

ness of ith LRB respectively.

The responses such as displacement, velocity

and acceleration at any point of rigid body super

structure can easily be obtained from the follow

ing equations, which use the response results at

mass of center.

Xj=Xc+Pj(cos Bc-I) -qjsin Bc (22)

Yj=Yc+pjsin Bc+qj(cos Bc-I) (23)

Xj= x c- pj sin Bc' fJc- qj cos Bc' o; (24)

Yj=Yc+PjCOS He: 8c-qjsin Bc' e; (25)

x'j=xc-pj(cos Bc' 8Hsin Bc·iJ~)

-qj(sin Bc ' 8~-cos Bc ' ed (26)
Yj=Yc+pj(-sin Bc' 8~+cos Bc·ed

+qj(cos Bc ' 8~+sin He: ec ) (27)

where pj and qj are the x and Y coordinates to

calculate the responses measured from original

Z={Xo, Yo, Bo, Xh Yh Bl, xo, Yo, 8o, Xh

Yl' 81F (33)
z={xo, Yo, o; Xh Yh 810 .fo, Yo, eo, X'h

Yh elF (34)

where YO=Yl=Y' YO=Y1=Y' YO=Yl=Y, Bo
= 81 = B, 80 = 81= 8, and eo= el= ii

3.2 Examples of application

3.2.1 Experiments of seismically isolated

structure

To investigate the isolation characteristics of a

seismically isolated structure, the shaking table

tests for the reduced model using four LRBs,

which support four corners of the basemat as

shown in Fig. 5, are carried out. In the schematic

drawing of Fig. 5, the slab (6.0 tons) is supported
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Shear Displacement (em)

Fig. 6 Hysteretic characteristics of LRB using the
loading rate 0.05Hz.

by four columns which are anchored at the

basemat (16.0 tons). The total weight of the

superstructure is about 23 tons.

The LRBs used in seismic isolation are the

reduced 1/8 scale model. The outer and inner

diameter of LRB is 144 mm and 19 mm, respec

tively. The rubber and steel plate thickness is 1.2

mm and 1.7 mm and the number of rubber plates

is 29. Fig. 6 shows the hysteretic characteristics of

Table 1 Characteristics of LRB obtained from
experiments

Damping Ratio

Strain Stiffness ~eq

r(%) Keq (torr/rnm) Max. Disp.

(mm)

25 0.09034 0.16 8.75
50 0.06679 0.15 17.5

100 0.05185 0.13 35.0
150 0.4717 0.12 52.5

LRB obtained from quasi-static experiments of

LRB itself with vertical load 4.5 tons and loading

rate 0.05Hz for shear strain 25%, 50%, 100% and

150%. Table I gives the equivalent stiffness and

damping of LRB evaluated for Fig. 6. As shown

in the table, the LRB used in experiments has

high damping characteristics from 12% to 16%.

The input table motion used in experiments is

1940 El-Centro NS. The time interval of the input

table motion is determined as 7.071ms consider

ing the scale factor, 1/8 for original data of 0.02

seconds.

3.2.2 Shear displacement responses of LRB
To investigate the shear displacement responses

of LRB for earthquakes, the shaking table tests

are carried out for SIS shown in Fig. 5, which are

supported by four LRBs at each corner position

of the basemat. The specifications of the shaking

table system are described in Table 2.

For analysis model of LRB derived in Eqs.

(20) and (32), the horizontal stiffness can be

calculated from Eq. (I). Using design data of Do
= I44mm, D;=19mm, tR = 1.2mm, ts=1.7mm, n»
=29, G=0.78MPa, E(= 1.49GPa, and x=0.5,
the horizontal design stiffness of each LRB is

calculated 365 kN/m, which gives a seismic isola

tion frequency I. 3Hz. Damping used in analyses

is assumed as viscous damping 14%, which is the

averaged equivalent damping value obtained

from LRB tests in a range of 25% to 150% shear

strain range.

For the input acceleration time history in

numerical analyses, the shaking table motions are

used, which are directly measured in experiments.

642o

Slab (6.0 tons)

T
2134

-2

I--- 2438 -----I

Basemat (16.0 tons)

-4

unit: mm

Schematic shape of a seismically isolated
structure for shaking table tests.

1---- 3657

Total column

weight = 1.0 too

-20

20

Z 10
::!.

~
tl. 0

'"c]
J -10

Fig. 5
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Fig. 8 Analysis results of hysteretic responses of
LRB (14% damping, 0.42g).

20 ton-m

6 DOF

±1.5g

± 1.0g

±IOOmm

±67mm

±75 cm/s

±50cm/s

110ton-m

64 Channels

Specification

4.0mX4.0m

30 tons

Electrohydraulic servo

control

10 Vcd with ranges at

100% and 200%

X, Y, Z, Rx, Ry, Rz

Description

• Excitation Axes

• Control Method

• System Scaling

• Table Size

• Specimen Weight

• Maximum Dynamic Dis
placement

X and Yaxis

Z axis

• Maximum Velocity
X and Yaxis

Z axis

• Maximum Acceleration

(with 30ton specimen)

X and Y axis

Z axis

• Control Degree of Free

dom

• Allowable Over Turning

Moment

• Allowable OfT Center

Load

• Data Acquisition

Table 2 Specifications of the shaking table system 8 ",-,-"'-~'--,--~~-,---r--,-""""""'-'-,-~~~""""

used in experiments.

- Experiment
Analysis
(rigid body modell

--- Analysis

i
(multl-<l.o.f.model).

II

I
",it ~A .r.hi I

\ fA..

Vl1HW III
'~

I

1.0
20

15

10
E
.§.
C 5..
E..
u 0..
Q.
.!lc -5~....
~

Ul
-10

-15

-20
o 5 10 15

TIme (see)

Fig. 7 Dynamic shear displacement
LRB for 0.42g table motion.

20 25

responses of

0.2 0.4 0.6 0.8

Maximum Table Acceleration (gl

Fig. 9 Maximum shear displacement responses of
LRB.

Fig. 7 shows the time history responses of LRB

shear displacement for 0.42g input time history

acceleration. In this figure, the time history

responses obtained by both experiments and ana

lyses show a very good agreement in global wave

form and peak response. Fig. 8 shows the hyster

etic responses of LRB obtained from analysis.

The maximum restoring force is about 8kN at

20mm shear displacement of LRB. This result is

slightly lower than that of experimental results

shown in Fig. 6. This is due to the underestimated

horizontal stiffness used in analysis.

Fig. 9 shows the maximum peak shear displace-
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ment responses of LRB for various input accelera

tions up to about O. 8g. The results obtained using

both rigid body model and multi-d. o. f. model

show good agreement with those of experiments

throughout all acceleration levels. When we con

sider the SSE (Safe Shutdown Earthquake) level

for nuclear power plant design, the LRB shear

displacement at this level is about r=40% (14

mm), which is significantly lower than the design

shear displacement, r=200%. Therefore, it is

confirmed that overall SIS using the laminated

rubber bearings is so stable for maximum design

input acceleration level.

3.2.3 Variation of seismic isolation fre

quencies

In general, the hysteretic behavior of LRB

shows that the horizontal stiffness decreases as the

maximum shear displacements for each cyclic

load increase. Therefore, the seismic isolation

frequency is changed according to the input seis

mic level.

Fig. 10 shows the parameter curves of seismic

isolation frequency variation obtained from

experimental results. The solid curve in Fig. 10 is

produced from the data of the transfer response

functions obtained from the shaking table tests of

SIS using random excitations and the dotted

curve is obtained from a simple equation as li50=

(l/27f)'; (Keq!M) using the quasi-static test data
of LRB itself shown in Table I. The results of

.-2.873

(a) From Shaking Table r_. b· -2.492E·2
c·~087E-4

d·8.682E4S

• (b) F",m LRB T...
• a 2.802
b .·7.873E-2
c .1.811E..J
d' -1.587E-4

Maximum Shea. Displacement of LRB, x (mm)

Fig. 10 Curves of seismic isolation frequency
obtained from experiments.

Fig. 10 are in good agreement with general char

acteristics of the loading rate effects for the high

damping LRB.

To investigate the effects of seismic isolation

frequency variation on seismic responses of SIS,

the parameter equations of seismic isolation fre

quency are obtained

from shaking table tests

li50=2.673- (2.492 X 10-2
) x- (4.067 X 10-4

)

X 2+ (8.682 X 1O-6)x3 (35)

from LRB tests

1'50=2.802- (7.873X 1O-2)x + (1.891 X 10-3)

x 2 - (1.567 X lO-s)x3 (36)

where x is a shear displacement of LRB with unit

ofmm.
The horizontal stiffness and damping of LRB

used in seismic time history analyses are calcu

lated using a simple equation, K H = M (27fli50) 2,

where fiso is obtained using the shear displace

ment data corresponding to the shaking table

acceleration level measured in experiments.

3.2.4 Seismic responses

The benefit of seismic isolation using LRB is

shown in Fig. I!. In these experimental results,

the maximum peak acceleration responses at slab

for seismic isolation case are significantly reduced

than those of non-isolation case. For example of

0.3g table motion, the reduction ratio is about 7.

5. This will greatly increase as the table accelera-

Non-laolallon

0.0 L-............~..........u.J.~'U"O"~...................~......... -'-U.............,
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

MaxImum Table AcceIenolion (g)

Fig. 11 Maximum peak acceleration responses at
slab obtained from experiments.
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e
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-0.15
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(F
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10 12 14 16 18 20
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64

Acceleration time history responses at slab
for O.28g table motion.

-0.20 u..L.......l~u..L~....L~...L.~.L...~'-'-'-~u..L.......l~.....J

2

Fig. 15

Maximum Table Acceleration (g)

Maximum peak acceleration responses at
basemat.

Fig. 12

tion levels increase.

Figures 12 and 13 show the maximum peak

acceleration responses at basemat and slab. In

figures, the numerical analysis results are

obtained using the multi-d. o. f. model with and

without considering the isolation frequency varia

tions. In figures, we can see that the seismic

isolation frequency variations significantly affect

the maximum peak acceleration responses. There

fore, it is recommended that the variation of the

mechanical characteristics of LRB corresponding

to the cyclic shear displacements should be con

sidered in seismic isolation design by analysis.

Figures 14 and 15 show the acceleration time

history responses at basemat and slab for O.28g

input table motion. In figures, the overall

waveforms of acceleration responses obtained

from numerical analyses are in good agreement

with those of experiments.

/

Ji;
J?;'/---

<;1"/;/ Variablef :obtai_ from shaking table taeta
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Fig. 14 Acceleration time history responses at
basemat for O.28g table motion.

4. Conclusion

When considering the rubber compression

effects, the increase of the total rubber height

more than the rubber plate thickness in LRB

effectively decreases the buckling load.

The seismic responses can be significantly

reduced with introducing the seismic isolation

design using LRB. From the comparison of the

maximum peak acceleration responses obtained

from numerical analyses and experiments, it is
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verified that the horizontal stiffness variations of

LRB should be considered in seismic analysis to
get more accurate results.
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